Abstract: Many enterprises which form the foundation of the society such as nuclear plant, manufacturing fields have confronted the difficulty of high cost in their capital management. In general, both the holding cost and shortage cost of spare parts owned by the enterprises is costly. Some literatures show that pooling of spare parts among multiple enterprises in the same region could reduce cost by scale economy and ensure the operating system security. In this essay, one high-cost but low-efficient spare part pooling management mode is studied. It is assumed that each player faces the Poisson Demand process and the stock point operates under a continuous-review policy. Moreover, in order to make the mode more close to reality and environmentally friendly, the condition in which the broken spare parts could be repaired, which refers to the reevaluation of the salvage value, has also been considered. And we also propose a cost allocation policy for the mode under this condition.
Introduction
Many enterprises which form the foundation of the society such as nuclear plant, manufacturing fields have confronted the difficulty of high cost in their capital management. The basic systems are automated, advanced and modernized, and relies heavily on equipment. To ensure the safety and efficiency of the system and to avoid the opportunity cost of the shutdown, the enterprise must reserve sufficient spare parts to ensure that the damaged parts can be replaced and repaired in time. However, the utilization of such spare parts is usually low, so that various types of spare parts will increase the management expenses and inventory costs, which will affect the economic benefits of enterprises.Normally, companies in the same region can jointly stock spare parts, it's an effective strategy to improve system availability. And Inventory pooling can bring economies of scale while reducing total costs.
The spare parts are usually very sophisticated and expensive, and the actual damaged spare parts won't be thrown away directly. This paper is based on the research on the joint inventory management of spare parts, and considered that the damaged spare parts can be repaired and reused. It is not only closer to the facts, but also meet the requirements of the green development of modern society. This paper will use the theory of cooperative game to solve these problems and construct a reasonable cost-sharing mechanism under the situationg that the spare parts are repairable. In practice, it is important for the enterprises to decide whether or not to build or participate in the spare parts pooling alliance, and to judge whether the method of cost allocation is reasonable.
Literature review
Spare parts have a great economic influence around the world, and there is a large number of related researches on it. The first relevant literature was published in 1966 by Feeney and Sherbrooke, indicating that in the spare parts stock model which considered in the paper, the quantity of replenishment of spare parts is subject to some stable probability distribution [1] . Slikker, Fransoo and Wouters [2] , Dror [3] , Chen and Zhang [4] , Kemahlioglu Ziya and Bartholdi [5] have done some related research of the newsvendor model, the participants faced with stochastic market demand, and they can cooperate to decide order amount and manage their inventory together. Hartman and Dror assumed that the demand is stochastic, and regardlessed of the time of shortage, and establish a continuous model of inventory in a continuous observation state, and studied the approximate estimate [6] . In contrast, in the model of this paper, it is assumed that the shortage cost per unit time is a determined value. From the point of the life-cycle of parts, Cui studies the optimal ordering time and order quantity of spare parts of high value and low flow rate [7] . The research direction of inventory pooling of spare parts is relatively new and the literature is relatively few. In 2007, Wong, van Oudheusden and Cattrysse first studied several enterprises in different regions cooperating to carry out inventory pooling under the condition of continuous observation, and put forward several ideas about cost allocation [8] . F Karsten, M Slikker and GJV Houtum considered several independent decision makers who stock expensive, low-demand spare parts for their high-tech machines [9] . S Benjaafar, WL Cooper , JS Kim studied inventory pooling in systems with symmetric costs where supply lead times are endogenously generated by a finite-capacity production system [10] . In 2010, F Karsten, M Slikker, GJV Houtum studied a situation where n independent companies separately stock spare parts of the same item for a technically advanced machine and they may reduce expected joint holding and downtime costs by pooling inventory [11] . In 2014, Frank Karsten and Rob J.I. Basten studied the inventory pooling of spare parts, and assumed that the inventory pooling management was decided by all participants together, and raised the topic of how to distribute the benefits and costs fairly [12] . In 2015, M Guajardo and M Rönnqvist considered an inventory pool of spare parts, subject to a service level constraint, where the members of the pool may have different target service levels, so that they represent different demand classes [13] . The primary research on repairable spare parts is repairable spare parts multi-stage inventory theory, which is based on Sherbrooke's Metric model [14] and Vari Metric model [15] . JPJV Kooten and T Tan considered a manufacturer of complex machines that offers service contracts to her customers, committing herself to repair failed spare parts throughout a fixed service period [16] . S Digiesi, G Mossa and S Rubino gived a contribution to the concept of sustainable management of repairable spare parts, by defining a repairable spare parts logistic model [17] . In 2005, HW Wong presents a number of modeling and solution approaches for investigating how the use of pooling contributes to the goal of increased service performance and reduced cost in the context of repairable spare parts inventory management [18] . Hartanto Wong, Dirk Cattrysse and Dirk Van Oudheusden develop an analytical model to estimate several performance measures in a single-item, multi-company, repairable inventory system where complete pooling of stock is permitted among the companies. Compared to other research, this paper is different in that both non-zero lateral transshipment time and delayed lateral transshipments are considered in the model [19] .
3.Model
3.1 (S-1, S) inventory model of repairable spare
Assessment of damaged parts
This article considers the large and expensive spare parts which can be regarded as fixed assets. And use the depreciation-straight line to make depreciation of the fixed assets.
Annual depreciation of assets=
The original cost of the asset−Salvage value
Service life
Suppose the original cost of spare parts is K , the service life is d , the salvage value is α , the annual depreciation of assets is β . Then S − ）, which means the warehouse will apply immediately to add one when use one. So the inventory level can be kept at S from start to finish.
There will be an outward indent when out of stock. The time interval, which is from ordering to receiving, obeys independent identical distribution. In general, it is assumed that the mean is a unit time. When equipment parts are damaged，the damaged parts will be immediately sent to a repair shop for repair. Suppose that the repair shop has no capacity limit, and the time interval, which is from the begin to the finish of a part repair, is also subject to independent identical distribution whose mean is a unit time.
The ( ) X λ is used to express the demand of inventory spares in one unit time, and ( ) 
The out-of-stock quantity ( ) , B S λ and the stock quantity ( ) , I S λ have function relationship with the stock level S and the demand rate λ . When the order quantity is greater than the basic inventory S , there will be a out-of-stock situation. Thus, the quantity of shortage will be
. According to （ 1 ） , the probability distribution and expectation of the out-of-stock quantity and the inventory quantity can be figured out. The probability distributions of the out-of-stock quantity ( ) , B S λ are as follows:
And the expectation of Out-of-stock quantity is:
Similarly, the expectation of inventory quantity can be figured out:
The expectation of damage to machine parts in one unit time is λ . Suppose the repair rate of damaged spare parts is a (The repair rate is the ratio between repairable spares which passed the assessment in 4.1 and the total quantity of damaged spares), 0 Suppose that the number of spare parts in the warehouse accounts for β of the total number of spare parts, the long-term average inventory cost per unit time will be:
Therefore, in the case of repairable spare parts, the long-term average cost per unit time is: = , the M is known as a big coalition [20] . If the income of participants in the coalition can be freely allocated, and the income of any participant changes 1 unit, its utility also changes 1 unit. This situation is called （transformable utility, TU）. This article only discusses situation in transformable utility. 
Condition 2:
The n-dimensional vector x will be one kind of cost allocations of the cooperative game , and i
x will be the value that the participants i have allocated.
The allocation with stability will satisfy all individuals and the coalition. This allocation will make any participant dispel motivation for splitting the coalition. Then we can define the core of cooperative game as follows:
Definition3 ： Given 
Even if the sum of the costs of any combination of participants in big coalition is less than the sum of costs of any small coalition or single one of them, the core of the cooperative game may still be empty set.
Practically, participants are usually only interested in a coalition of strictly better outcomes. And there will be a consideration for reinforcing the core.
Definition 4：It is given that 
The reinforced core ensures that the total cost of any member of the big coalition is better than the total cost of the small one they organized. The core can prevent the emergence of small coalition and maintain the stability of big coalition.
Analysis of Inventory pooling of Repairable Spare Parts
It is considered that there are several enterprises carrying out jointly inventory management of the same spare part. The demand of each enterprise (which is participant) follows a stable Poisson distribution, and the demand process of each participant is of independent identical distribution. Suppose that expectation of replenishment time of each participant is equal, in general, the expectation of replenishment time is assumed as 1. Participants are generally firms operating in the same industry environment, assuming that inventory costs and cost outs are consistent.
Use ϕ to express the jointly inventory management under the condition of repairable spare parts,
, N represents the nonempty set of participants, In the management of spare parts jointly inventory of any coalition, the inventory level suitable for the coalition will be set up according to the sum of the participants' needs, and the demand of the participants for the jointly inventory spare parts follows the First-Come-First-Served principle. The sum of Poisson distributions of several independent identical distribution is still Poisson distribution， Therefore, the demand rate of the joint inventory level still obeys Poisson distribution, and the joint inventory demand rate of the coalition M is
Cooperative Advantages of Inventory Pooling
It has been introduced in the Introduction that the spare parts jointly inventory management is suitable for the enterprises with high spare parts prices and low utilization rate. In general, enterprises have a certain inventory level before the management of joint inventory. Due to the particularity of spare parts, enterprises can not choose spare parts for sale or reproduction. Therefore, the initial inventory level of the spare parts jointly inventory management is the sum of the original inventory of each participant, and the jointly inventory management of the spare parts can reduce the cost and benefit the participants. In this case, the jointly inventory management of the spare parts strictly reduces the expected shortage quantity(（3）), strictly reduces the expected inventory quantity( (4)), and reduces the expected cost strictly.
Proposition 1：Consider a set of cooperative game with n participants as N , and for any Advances in Engineering Research, volume 150 participant i N ∈ , the demand rate is i λ and the inventory spare parts level i S . It is assumed that . The intuitive understanding of （8） can be explained as that, a participant can use the inventories of other participants to reduce the incidence of shortage after the jointly inventory management of spare parts. Similarly,（9）and（10）can be proved according to（4）and（5）.
If the basic inventory level of the jointly inventory is maintained at the sum of the basic inventory levels of the participants when they work on their own, the jointly inventory management can indeed reduce costs. In fact, with the management of spare parts joint inventory, if the big coalition reset the optimal basic inventory level, the cost will still be reduced. The basic level of reset inventory is lower than the sum of the basic inventory levels of the participants when they work on their own, which may lead to an increase in the expected shortage compared with no cooperation. But at the same time, the inventory on hand will be significantly reduced, and the reduction of inventory cost will balance out the increase of the out-of-stock cost. Common management and lower inventory level will make the cooperation more low-cost and high-efficiency.
Cost Allocation System of Inventory Pooling of Repairable Spare Parts
The long-term average cost It is of great significance for the stability of the coalition to ensure the fair and rational allocation of the long-term average cost with jointly inventory management.
Under the condition of repairable spare parts, the long-term average cost per unit time can be divided into 3 parts: The cost of using new spare parts and repaired spare parts in a unit time is denoted by ( ) 
, , , , Firstly, the sum of the cost of using the new spare parts and the repaired spare parts for the big coalitionis allocated. One kind of method of allocation, which supposes that the total cost of the spare parts used by the enterprise was undertaken by themselves` own, can be carried out. If an enterprise i used m new spares and n repaired spares per unit time. The line of the cost of repairing n spare parts goes to 1 2 , ,
, and the cost should be undertaken by the participant i per unit time will be ( ) ( )
The principle of multi-use and multi-undertake, which is simple and fair, can be used for the allocation of cost and inventory, which means that anyone who uses more inventory spares should undertake more cost. And the allocation of the cost is according to demand ratio of the inventory spares. For instance, with the spare parts repairable jointly inventory management with repairable spare parts is: 
6.Conclusions
Based on the analysis of existing joint management of spare parts, this paper adds the consideration that the spare parts can be repaired and reused, which makes the model more close to the actual situation, meets the development requirements of green and low carbon. And the advantages of jointly inventory management to the enterprise are also be analyzed. The reduction of costs and the steady cooperative relationship make the jointly inventory management of repairable spare parts practicable in application, especially the enterprises with high inventory and shortage cost who urgently needs a reasonable way of cooperation to reduce costs.
